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Transﬁnite interpolationAbstract Quality and robustness of grid deformation is of themost importance in the ﬁeld of aircraft
design, and grid in high quality is essential for improving the precision of numerical simulation. In
order to maintain the orthogonality of deformed grid, the displacement of grid points is divided into
rotational and translational parts in this paper, and inverse distance weighted interpolation is used to
transfer the changing location from boundary grid to the spatial grid. Moreover, the deformation of
rotational part is implemented in combination with the exponential space mapping that improves the
certainty and stability of quaternion interpolation. Furthermore, the new grid deformation technique
named ‘‘layering blend deformation’’ is built based on the basic quaternion technique, which com-
bines the layering arithmetic with transﬁnite interpolation (TFI) technique. Then the proposed tech-
nique is applied in the movement of airfoil, parametric modeling, and the deformation of complex
conﬁguration, in which the robustness of grid quality is tested. The results show that the new method
has the capacity to deal with the problems with large deformation, and the ‘‘layering blend deforma-
tion’’ improves the efﬁciency and quality of the basic quaternion deformation method signiﬁcantly.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Grid deformation technology has been widely used in aero-
space ﬁeld, such as aircraft aerodynamic conﬁguration designand aeroelastic analysis. Some grid deformation technologies
that are commonly used include inﬁnite interpolation
method,1,2 Delaunay3–7 background grid direct interpolation
method and the radial basis function interpolation method.
In inﬁnite interpolation method, boundary point displacement
is transmitted to the whole grid domain by simple algebraic
interpolation, which is simple, highly efﬁcient, but could pro-
duce intersection and distortion due to large deformation grid
with poor quality. In Delaunay background grid interpolation
method, the formation of Delaunay grid in each time step is
treated as a background grid, and grid disturbance due to
boundary movement is implemented by the deformation of
Delaunay grid, where the new grid is updated through the
mapping relationship between Delaunay grid and
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not need iteration, and has high efﬁciency, but for the complex
conﬁguration and large movement, it may cause the back-
ground map crossing, which means it will lead to illegal grid.
Radial basis function interpolation method can solve the prob-
lems with large deformation, but needs a great amount of cal-
culation and memory.
In this paper, combined with the quaternion interpolation
and inverse distance weighting method, a new grid deforma-
tion technique is built and also tested in terms of grid quality,
robustness and efﬁciency. The results show that the proposed
method is robust and can ensure grid quality.
2. Grid deformation of the quaternion
Quaternion can be regarded as a complex extension of 3D
space and can also be viewed as a vector in four-dimensional
space. Recently, quaternion has been widely used in the ﬂight
dynamics, computer graphics, radar and wireless communica-
tions and spacecraft attitude control.8–12 It consists of a real
part and three imaginary parts. A quaternion can be expressed
as the following single form13:
Q ¼ q1 þ q2iþ q3 jþ q4k
¼ sþ v
¼ ½s; v
ðqi 2 RÞ
ð1Þ
where s is the real part, v the vector, i, j, k are the imaginary
units. The Quaternion that describes rotation can be expressed
as13
Q ¼ q1 þ q2iþ q3jþ q4k
¼ cos h
2
þ sin h
2
 cos a  iþ sin h
2
 cos b  jþ sin h
2
 cos c  k
¼ cos h
2
þ sin h
2
 n
where vector n is the axis of rotation and h the angle of rota-
tion, a, b, c are the angles between the vector n and the three
coordinate axis respectively, as shown in Fig. 1.
This quaternion can not only reﬂect the direction of rota-
tion, but also the magnitude of rotation.8,9 So the rotation
of vector R can be expressed as the following Quaternion
operation:Fig. 1 A real vector rotation sketch map.R0 ¼ QRQ1 ¼ QRQ ðkQk ¼ 1Þ ð2Þ
where R is the initial vector and R0 the vector after rotation, Q
the rotation quaternion. R can be regarded as a quaternion
whose real part is zero.
Interpolation method is one of the most important parts
when quaternion is used to achieve grid deformation. For gen-
eral vector, the technique commonly used is the linear interpo-
lation (LERP) method:
Tlerp ¼ ð1 aÞT1 þ aT2 ¼ lerpðT1;T2; aÞ
ða 2 ½0; 1Þ ð3Þ
where T1 and T2 are the vectors to be interpolated, and a is the
interpolation weight.
Because the vector calculation is commutative, linear inter-
polation can be extended to interpolate with any number of
vectors.
In order to describe the arc between two quaternions with
constant velocity in the theory of quaternion, generally the
slerp interpolation method13 will be used, which is shown as
Qslerp ¼
sin½ð1 aÞX
sinX
Q1 þ
sinðaXÞ
sinX
Q2 ¼ slerpðQ1;Q2; aÞ
ða 2 ½0; 1Þ
ð4Þ
where Q1 and Q2 are the quaternions to be interpolated, X is
the angle between two quaternion. When executing three or
more than three quaternion interpolation, computation order
will lead to different interpolation results due to the non-
commutativity of multiplication which is shown in Fig. 2.13
For example,
Q123 ¼ slerpðslerpðQ1;Q2; a1; a2Þ;Q3; a3Þ
Q231 ¼ slerpðslerpðQ2;Q3; a2; a3Þ;Q1; a1Þ
Q312 ¼ slerpðslerpðQ3;Q1; a3; a1Þ;Q2; a2ÞX3
i¼1
ai ¼ 1
8>>><
>>>:
ð5Þ
where Q123 „ Q231 „ Q312, that is, slerp cannot be extended to
interpolation for multi-quaternion.
In order to solve the problem of multi-quaternion interpo-
lation and ensure the uniqueness of the interpolation, the
exponential mapping14 interpolation method is proposed
based on Lie algebra space in the literature to eliminate the
non-commutativity of quaternion multiplication.Fig. 2 Uncertainty of slerp for multi-quaternions.13
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lnQ  0; h
2
n
 
The quaternion is mapped to the exponential space, where
the quaternion interpolation can be regarded as the linear
interpolation of three-dimensional vector in Euclidean space:
Qslerp ﬃ exp½lnðslerpðQ1;Q2; aÞÞ
¼ exp½ð1 aÞ lnQ1 þ a lnQ2
¼ exp½lerpðlnQ1; lnQ1; aÞ
¼ exp ðlnQÞlerp
ð6Þ
The exponential mapping eliminates non-commutative of
quaternion multiplication, which means the quaternion inter-
polation can be uniquely determined.
The linear interpolation of Multi-Quaternion is ﬁrstly
calculated in the exponential mapping space:
ðlnQÞlerp ¼ lerpðlnQ1; lnQ2; . . . ; lnQm; l1; l2; . . . ; lmÞ ð7Þ
where l1, l2, . . . , lm are the interpolation weights, respectively.
Then, the results would be reﬂected to the initial quaternion
space:
h
2
¼ kðlnQÞlerpk
q01 ¼ cos
h
2
q02 ¼ ðlnQÞlerp x
. h
2
q03 ¼ ðlnQÞlerp y
. h
2
q04 ¼ ðlnQÞlerp z
. h
2
8>>>>>>><
>>>>>>>:
ð8ÞFig. 3 Sub-boundary and interior points of a grid block.3. Main steps of grid deformation
In this paper, the grid deformation is respectively divided into
translational and rotational parts, in which the disturbance of
boundary points is regarded as known data sets. The center of
rotation is ﬁrstly deﬁned, and then we calculate the coordi-
nates of boundary grid points; the rotation of quaternion at
each grid point is obtained according to the changes of the
boundary, consequently, the grid faces would be rotated to
the same direction, and the initial and deformed grid points
will be consistent through translation. The deformation pro-
cess is as follows:
Xni ¼ QiXiQ1i þ Ti ð9Þ
where Xi is the boundary coordinate with respect to the center
of rotation boundary grid points before deformation, Xni the
coordinate after deformation, Qi the rotation quaternion on
each boundary point, and Ti the translation vector for each
boundary point.
In this paper, the disturbance of boundary grid points is
transmitted to the space by inverse distance weights method,
which is different from traditional grid deformation based on
quaternion, such as Ref.13. By using inverse distance weights
method, neighbor face normal vector calculation of each
points is avoided, then the new grid deformation method can
be applied to multi-block grid easily. Weight coefﬁcient of
space interpolation for each grid point is determined by theinverse distance weighting (IDW) method.15–18 For example,
a data set contains n known samples, v= [v1, v2, . . . , vn]; if
using the inverse distance as the weight for interpolation func-
tion, the interpolation function can be expressed as
xðxÞ ¼
Pn
i¼1 f ðriÞviPn
i¼1 f ðriÞ
ð10Þ
where the weight function is fðriÞ ¼ rdi ; and ri = kx  xik is
the Euclidean distance between interpolation points and the
known data points, x the interpolated points in unknown
states, xi the coordinate of the known data points, and
d(d> 0) is an adjustable parameter. The IDW just needs small
memory of computer due to its explicit interpolation function.
Due to the need for large-scale matrix calculation, dynamic
grid deformation of the quaternion method computationally is
expensive. The amount of calculation is square associated with
the number of boundary points, and linear relative to the num-
ber of deformation points. Hence, the expensive calculation is
an issue to be solved.
Because the topology of multi-block structured grid is clear,
each block grid can be deformed independently under the pre-
mise of ensuring the common border consistency. In order to
improve the efﬁciency of grid deformation, in this paper layer-
ing grid deformation is used based on parallel environment.
First of all, according to the boundary deformation of the
whole ﬂow ﬁeld, the improved method for layering deforma-
tion is applied to the deformation of boundary surface of each
grid block, and then the deformation within each block is exe-
cuted according to those deformed surfaces of each block. The
method is named ‘‘layering deformation’’, which obviously
solves the large-scale matrix calculation problem.
However, in large scale and complex engineering problems,
the computational amount of each block grid deformation
increases signiﬁcantly along with the growth of grid, and the
computing resources and computing time could not be ignored
even though parallel computing is used. In order to solve this
problem, inﬁnite interpolation method is used to compute the
deformation of inner points of each block. Instead of quater-
nion method, the new method above is named as ‘‘layering
blend deformation’’, which takes advantage of the logic prop-
erty holding ability of transﬁnite interpolation (TFI)
nodes.2,19,20 In the meanwhile, it avoids computation for large
matrix in the original method and greatly improves the
computational efﬁciency, the sketch map of ‘‘layering blend
deformation’’ has been explained in Fig. 3.
Fig. 5 Hysteresis curves of lift coefﬁcient.
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4.1. Grid deformation of NACA0012 airfoil with signiﬁcant
movement
The pitching oscillation of NACA0012 airfoil at large angle of
attack is used to study the effect of quality of deformed grid on
the aerodynamic characteristics, and the calculation conditions
and movement law are as follows: Mach number
Ma= 0.2, the initial angle of attack a0 = 15, the range of
variation Da= 10, Reynolds number Re= 1 · 106,
a(t) = a0 + Da sin (2kt), a(t) is the angle of attack that varies
in accordance with the time t, k= 0.15.
Fig. 4 shows the grid deformation of NACA0012 airfoil
with signiﬁcant movement. It can be seen that both methods
can obtain the grid without negative volumes. The orthogonal-
ity and quality of grids near the object surface are low by RBF
(radial basis function)-TFI method; however, the quaternion
method can describe rotational displacement subtly and
transmit rotational displacement to space grid reasonably, so
quaternion method greatly maintains the quality of grid near
object surface. Fig. 5 shows the hysteresis curves of lift coefﬁ-
cient CL by different grid deformation technologies. It can be
shown that quality of grid near the surface is the key to
guarantee the accuracy of numerical simulation.
4.2. Grid deformation adaptability in parametric modeling
Grid deformation is an importance factor in aerodynamic
design and optimization. The deformation capability and theFig. 4 Grid deformed and orthogonality function cocorresponding grid quality will directly determine the feasibil-
ity of design, success or failure. In this paper, free form defor-
mation (FFD) technology is used to carry out parametric
modeling of aerodynamic shape with large deformation.
Fig. 6 shows grid quality comparison of the two methods, it can
be seen that quaternion method maintains orthogonality after
deformation, but a unit negative volume occurs at the leading
edge of the airfoil by using traditional interpolation method.
4.3. Contrast in the inﬂuence of numerical simulation accuracy
In order to compare the inﬂuence of numerical accuracy by
using different grid deformation methods, the inverse design
from NACA0012 airfoil to RAE2822 airfoil is selected forntour of NACA0012 airfoil by different methods.
Fig. 7 Target airfoil and inverse design airfoil.
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airfoil obtained by inverse design and the target airfoil, as
shown in Fig. 7. The grid coordinates of NACA0012 and
RAE2822 choose 301 points to ﬁt for the airfoils to improve
the comparability with wind tunnel test data, and the horizon-
tal ordinate of grid distribution is exactly the same. FFD tech-
nology is used to disturb the grid along longitudinal direction.
The ﬁtting error measured by root-mean-square reaches the
level of 1.6 · 106 as shown in Fig. 8, which can be considered
as excluding the error impacted by airfoil shape. For the pur-
pose of showing the comparability with wind tunnel tests data,
CFD calculation grid with dimension 521 · 89 is used, where
there are 301 grid points on the object surface. Besides, the
normal distance of ﬁrst layer is 1.0 · 106 and the far-ﬁeld is
30 times of the chord length of the airfoil. The pressure
coefﬁcient distributions based on different deformation meth-
ods are shown in Fig. 9, which can be seen that the pressure
distribution with quaternion method is closer to the wind tun-
nel test data, because of the high quality of its grid. It can also
be seen that the difference is mainly reﬂected at the suction
peak and shock wave position. Table 1 shows the comparison
of the aerodynamic coefﬁcients with wind tunnel test, which is
obvious that high quality grid can guarantee the numerical
accuracy.
4.4. Study on computational efﬁciency of the new dynamic grid
Taking the aeroelastic analysis of a wing-body as an example,
computational efﬁciency and speedup of two improved
dynamic grid technology is studied based on message passingFig. 6 Comparison of grid quinterface (MPI) parallel environment. In Figs. 10 and 11, it
can be seen that the boundary shape after deformation is the
same as the shape of elastic deformation, which is the key to
ensure robustness of grid deformation, and it is the advantage
that traditional grid deformation method does not have. The
characteristics of robustness would not be discussed here,
whereas it will be shown in the next case. Table 2 shows the
comparison of computational efﬁciency among differentality by different methods.
Fig. 8 Fitting error distribution.
Fig. 9 Comparison of pressure coefﬁcient distribution between
different methods.
Fig. 10 DLR-F6 grid deformed.
Fig. 11 Partial view of deformed grid.
Table 1 Comparison of aerodynamic coefﬁcients.
Method CL/CD
Quaternion RBF&TFI
CFD 0.800/0.0165 0.793/0.0173
Experiment 0.803/ 0.0168
Table 2 Comparison of deformation efﬁciency (48 CPU).
Grid cell
number
Basis
quaternion (min)
Layering
deformation (min)
Layering blend
deformation (min)
5 million 6 1.5 0.36
10 million 15 5.0 0.60
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ciency of ‘‘layering deformation’’ method is about 3 times
more than the basic method, and the overall speed of layer-
ing-blend dynamic grid based on ‘‘layering blend deforma-
tion’’ method is about 15 times more than the basic method.
The ‘‘layering blend deformation’’ method takes 0.6 min to
handle 10 million grid deformations by using 48 CPU, which
greatly overcomes the problem of huge computation by qua-
ternion method and can be well applied to the large-scale
projects.4.5. Layering-blend method deformation for complex
conﬁguration
Moreover, a jet airliner is taken as an example for the new
method. Figs. 12–16 show the grid topology and cross-sec-
tional view after deformation, which can be seen that the edge
shape deformed of each grid block near the wing surface is
consistent with the wall deformation in high comparability
and that is the key to ensure the robustness of grid deforma-
tion. However, for the traditional method, when the elastic
deformation of the wing shape turns out to be a curve, the
edges of the grid blocks near wing surface still remain linear
change, which could not describe the grid deformation and
cannot avoid the inevitable negative volume caused by crossing
between the edges and solid wall, as shown in Fig. 14. Figs. 15
and 16 show the results of ‘‘layering-blend’’ technique for large
Fig. 12 Grid topology based on layering hybrid deformation.
Fig. 13 Grid deformation based on layering hybrid deformation.
Fig. 14 Partial view of grid deformation.
Fig. 15 Large deformation based on layering hybrid method.
Fig. 16 Partial view of large deformation.
1084 J. Huang et al.scale deformation (this deformation is rare in engineering
problems, but it is quite important for large deformation in
aerodynamic conﬁguration design). Although the magnitude
of deformation is larger than half of wing span, there is still
no negative volume in deformed grid (red grid). Furthermore,
better grid quality can be obtained (green grid) through adjust-
ing the strengthening factor.5. Conclusion
In this paper, the quaternion method is ﬁrstly introduced in the
establishment of grid deformation technology based on the
MPI parallel environment. In order to solve the problem of
multi-quaternion interpolation and ensure the uniqueness of
the interpolation, an exponential mapping interpolation
method is proposed based on Lie algebra space. The new grid
deformation method has been extended to the multi-block grid
by the inverse distance weighting (IDW) method. The result
shows that the proposed method is in high robustness and high
quality, which can also ﬁt well with multi-block and patched
grid. Moreover, a new ‘‘layering blend’’ deformation-based
quaternion and TFI are further developed, which largely
reduces the computational amount of basic quaternion defor-
mation algorithm; the logically unchanged capacity of TFI
technology is comprehensively used to build the efﬁcient qua-
ternion ‘‘layering blend deformation’’ method which greatly
improves the efﬁciency for the grid deformation computation.
The new method shows its robustness and can generate high
quality grid. The test examples clearly demonstrate that it
can be applied to the deformation with signiﬁcant movement,
aerodynamic design and aeroelastic ﬁeld.
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